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SOME REMARKS ON THE STRUCTURE OF FINITE MORSE INDEX 
SOLUTIONS TO THE ALLEN-CAHN EQUATION IN 


KF. T.FJ WANG 


Abstract. For a solution of the Allen-Cahn equation in under the natural linear growth 
energy bound, we show that the blowing down limit is unique. Furthermore, if the solution 
has finite Morse index, the blowing down limit satisfies the multiplicity one property. 


1. Introduction 


Let u e C"^(R“) be a solution to the problem 

Am = W'{u) 

where IT is a standard double-well potential. 

Assume the energy grows linearly, i.e. there exists a constant C > 0 such that 


f 


1|Vm|^ h- W{u) < CR, V/? > 0. 


( 1 . 1 ) 


( 1 . 2 ) 


For e —> 0, let 

Us{x,y) := M(e^*x,e^'y). 

By (11.2b . we can assume that, up to a subsequence of e —> 0, 

el'VUf.f'dxdy fix, 

— W(Ui;)dxdy yU2> 

8 

weakly as Radon measures on any compact set of R^. Denote /r = yUi /2 -i- /i 2 and S = spt/i. 
We can also assume the matrix valued measures 

eVug (g) Vuedx 

where [tq.^], 1 < a,/3 < 2, is measurable with respect to /ii. Moreover, t is nonnegative 
definite /ii-almost everywhere and it satisfies 

2 

^ Xaa — I 5 (1.6. 

a=l 

By HI, we have the following characterization about the convergence of Ue'. 

Theorem 1.1. (i) m^ —> +1 uniformly on any compact set o/R^ \ Z; 

(ii) there exists A e N andN unit vectors e,, 1 < i < N, such that S = where 

Li [tei : f > 0); 

(iii) px — 2p2 — Co where cro is a constant and ni e N; 

(iv) I -T - a® Ci on Li \ {0}; 
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(v) Hill rtiCi = 0. 

In the above, the constant cro is determined as follows. There exists a function g e C^(]R.) 
satisfying 

g" = W'(g), on R, 

.g(0)^0, (1.3) 

lim g(t) = +1. 

?—>±oo 

Moreover, the following identity holds for g: 

g'(t) - ^/2W(g(tj) > 0, on R. (1.4) 

As t —> + 00 , g{t) converges to +1 exponentially. Hence the following quantity is finite: 

X +oo 1 - f'+°° - 

-|.g'(f)| + W{g{t))dt = I |g'(f)| dt. 

OO ^ %J —CO 

In this theorem, we do not claim the uniqueness of S and («,), because it is obtained 
by a compactness argument. It may depend on the subsequence of e —» 0. Our first main 
result is 


Theorem 1.2. S and {n\, - ■ ■ , n^) is uniquely determined by u. 


Next we further assume that u has finite Morse index, i.e. the maximal dimension of 
linear subspaces of 

f^eCo“(R2): f + W'\u)^'^ <0] 

Jr2 

is finite. This is equivalent to the fact that u is stable outside a compact set (see Q), i.e. 
there exists a compact set K such that for any ip e C^(R^ \ K), 



+ W''{u)ip^ > 0. 


Our second result is 


Theorem 1.3. Let u be a solution of (II.lb with finite Morse index. Then in the blowing 
down limit, «,■ = 1 for every i — - • ,N. 

As in E, we introduce the following notations. Assume e, are in clockwise order. For 
each i - 1, • • • , A, let be the rays generated by the vector (e,- + e,+i)/2 and (e,- + e,-i)/2 
respectively (with obvious modification at the end points i - l,N). Denote Q, to be the 
cone bounded by Lf. Our final result says 

Theorem 1.4. Let u be a solution of (ED in R^ with finite Morse index, and Q,- be defined 
as above. In each Q,-, which we assume to be the cone {—/l_x < y < A+x) for two positive 
constants A±, there exists three constants C, Rq and tj such that 

sup \u{x,y) - giy - ti)\< Ce^^, 'ix>Ra. 

—A_x<y<A+x 

If we have known Theorem 1 1.31 this theorem will follow from the refined asymptotic 
result in E- Here the point is, we can prove Theorem 1 1.3 1 and Theorem 1 1.41 at the same 
time. This will be achieved by adapting Gui’s method in E to the multiple interfaces 
setting. 

It should be mentioned that it is conjectured that finite Morse index solutions of (Ol 
satisfies the energy growth bound (11.2b . On the other hand, if a solution satisfies the con¬ 
clusion of Theorem ll.41 it has finite Morse index (see fSll). 
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In this paper, a point in is denoted hy X - {x,y). 

The organization of this paper is as follows. In Section 2 we prove Theorem ll.2l Theo- 
rem ll.3l and Theorem ll.4l is proved in Section 3 at the same time. 


2. Uniqueness of the blowing down limit 


By direct integration by parts, we get the stationary condition 


f 

Jr2 


-|Vm|2 + Will) 


divX - DX{Vu, Vm) = 0, VX e Cq 




Following ||9|, this condition implies the existence of a function U e C^(R^) satisfying 




; - u] + 2W(u) 


2UxUy 


2UxUy 


Moreover, by the Modica inequality (see fSl ) 


V 

2 ^ 112)2 


Uy - u‘^ + 2W(u) 


-IVur < W{u), in 


U is convex. After subtracting an affine function, we can assume t/(0) = 0 and Vt/(0) = 0. 
Hence by the convexity of U, U > 0 in R^. 


Lemma 2.1. There exists a constant C such that, 

U{x,y) < C (|x| + lyl), in R^. 


Proof. By definition. 
Then for any R > 0, 


At/ = 4W(u). 




1 

2nr 



4W(u) < CR, 


where we have used (11.21) . 

The conclusion follows from this integral bound and the convexity of U. 


( 2 . 1 ) 


□ 


By this linear growth bound and the convexity of t/, as e —> 0, 

Ui:(x,y) et/(A'x, Uoc(x,y) 

uniformly on compact sets of R^. Here Uoo is a 1-homogeneous, nonnegative convex func¬ 
tion. By convexity, this limit is independent of subsequences of e —» 0. 

Take a sequence e, —> 0 such that the blowing down limit of Me, is S = ; f > 0) 

and the density on {tea : f > 0) is Uq,. Then outside £, by the strict convexity of W near +1, 

|VMe,(X)|2 -F WiUefX)) < 


Because 


V^Ue, 


e,M|, ^ - Siul.y + jW{Ua.) 
'2.Silip. vlip- v 


SiU 


2 

£i,y 




Spy 

+ §wiu) 


we also have 


|V^t/e,(X)p < 


Hence V^Uoo = 0 in R^ \ Z, that is, Uoo is linear in every connected component of R^ \ Z. 
Thus the set {Uoo < 1} is a convex polygon with its vertex points lying on Z. Now it is clear 
that Z is uniquely determined by Uoo. Since Uoo is independent the choice of subsequences 
of e —> 0, Z also does not dependent the choice of subsequences of e —> 0. 
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In a neighborhood of [tCa : ? > 0}, written in the {ca, e^) coordinates, the matrix valued 
measure V^Ue^dxdy can be written as 


V^Usidxdy : 


'l^£i,ea 


-Will,,) 


ISiU, 




l^^£j,ea^£i,ea 


^W(u) 


dxdy, 


By Theorem ll.il after passing to the limit, we obtain that in a neighborhood of {tCa '■ f >0}, 
the limit of V^Ue.dxdy equals 


0 0 
0 2«Q.Cro‘?Y'Lue,:f>01 ' 

Hence across the ray {tea ■ t >0}, Vt/oo has a jump 2nQ.croe^. In other words, let = Vt/oo 
on each side of {tea ■ t >0}, then 


e^-e ^ItiaO-Qea- 

Thus ria is uniquely determined by Uoo- This proves Theorem ll.2l 


3. The multiplicity one property 


Since u is assumed to have finite Morse index, it is stable outside a compact set. Then 
standard argument using the stable De Giorgi theorem gives the following 

Lemma 3.1. For any Xj - {xi,yi) e ir^(0) oo, 

Ui(x,y) u(xi + x,yi+y) 

converges to a one dimensional solution g(e • X) in C^^^CR?), where e is a unit vector. 

Recall the cone O, introduced in Section 1. The nodal set of u in Q, has the following 
description. 

Lemma 3.2. There exists an R\ >0 large such that, for each i, in fi, \ Z?^,(0), {u — 0) 
consists of ni curves, which can be represented by the graph of functions defined on Lj, 
with its C* norm convergeing to 0 at infinity. 


Proof. Take an Q,, which we assume to be {-/l_x <y < d+v} for two constants A± > 0. L, 
is assumed to be the ray {x > 0,y = 0). By mni Theorem 5], for all e small, there exists a 
constant fg e (-1/2,1/2), such that 


{Ue - te} n (82 \ B1/2) n Q/ 

consists of n, curves in the form 


y - /i“(x), for 1/2 < X < 2, 1 < a < n,-, 

where H/i"|lci >/ 2 [i/ 2 , 2 ] is uniformly bounded. By ||4|, for each a, h“ converges to 0 
on [1/2,2] as e ^ 0. 

By Lemma im for each t e [-3/4,3/4], jwg = fj consists of n,- curves, in the 
y - h°{x, t), for 1/2 < x < 2, 1 < a < «/, 


which lies in an (9(e) neighborhood of { 11 ^ - L}. Moreover, after a scaling 
Lemma irn we get 


lim sup 

l/2<.t<2 



= 0 . 


uniformly 

form 

and using 


Rescaling back to u we conclude the proof. 


□ 


Now we are in the following situation: 
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(HI) There are two positive constants R > 0 large and d > 0. 

(H2) The domain C := {(x,y) ; |y| < Ax,x > R}. 

(H3) u e C^(C) satisfies ( ll.ll i in C. 

(H4) {u - 0} consists of N curves {y = I < i < N, where e +oo) 

satisfying 

/l < fl < ■ ■ ■ < fN^ 
lim fl(x) = 0, VI < / < N. 

x^+oo 

The last condition implies that 

lim =0, VI < / < N. 

X-i+OO |x| 

The main goal in this section is to prove 

Theorem 3.3. We must have N - Moreover, there exists a constant t such that 

\f(x) -t\< Ce'?, 

and 

sup \u(x,y) - g(y - t)\ < Ce^i, 

-Ax<y<Ax 

where the constant C depends only on W. 

Theorem ll.3l and n~4l follow from this theorem, Theorem ll.il Theorem ll.2l and Lemma 

EH 

Possibly by a change of sign, assume « < 0 in {y < fi(x)}. 

Lemma 3.4. For any \ <i <N and t +oo, 

u\x,y) u{t + X, fi(t) + y) 

converges to g(y) in 

Proof. This is a consequence of Lemma 13. II and Lemma 13721 Note that {«' = 0} = (y = 
fix)} where f'{x) f{x + t) - fit). As f —> +oo, ^ converges to 0 uniformly on any 
compact set of R. Hence by noting that /'(O) = 0, /' also converges to 0 uniformly on 
any compact set of R. This implies that the limit = 0 on {y = 0}. From this we see 
Uoa(x,y) = g(y). Since this limit is independent of subsequences of f —> +oo, we finish the 
proof. □ 

Lemma 3.5. In C, 

1 - u(x,y)^ < 

Proof. By the previous lemma, for any M > 0, if we have chosen R large enough, u^ > 
1 - cr(M) in {(x,y) : |y - fi{x)\ > M, Vi}, where cr{M) is a constant depending on M 
satisfying limM^+oo cr{M) - 0. By choosing M large (then cr{M) can be made small so 
that W is strictly convex in (1 - cr{M), 1)), in {(x,y) ; |y - f{x)\ > M, Vi), 

AW(u) > cW{u). 

From this we deduce the exponential decay 

W(u) < 


Finally, because |/j'(x)| < 1, the distance to {y = fix)} is comparable to |y - /i(x)|. This 
finishes the proof. □ 
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As a consequence, 

1 - u(x,y)^ ~ on {y = ±Ax}. 

Another consequence of this exponential decay is: 

Corollary 3.6. In C, 


\ux{x,y)\ +1 ix,y)\ < Ce 

This follows from standard gradient estimates. 
This exponential decay implies that 


nun/(,v-/,(-r)) 


f 


Ux(x, y)^ + Uxx(x, y)^dy < C, Vx>R. 


Lemma 3.7. For any I < i < N - 


lim {fi+i(x) - fi(x)) = + 00 . 

JC^ + CXD 


Proof. By Lemma U^ for any t +oo, 

u’(x,y) u(x + t,y + 


converges uniformly to g(y) on any compact set of 

From this we see, for any L > 0, if f is large enough, i/ > 0 on {x = 0,0 < y 
m' < 0 on {x = 0, -L < y < 0}. The conclusion follows from this claim directly. 


Proposition 3.8. For any x > R, 


£ 


1-' 


+ W(u)dy - Nctq + 0(e “). 


Proof. This is the Hamiltonian identity, see 13. 

First, differentiating in x, integrating by parts and using (13.1b leads to 


d 

dx 


£ 


■'tv 


W(u)dy = (9(e^“). 


-Ax 2 

Next, by Lemma [331 for any b > 0, there exists an L > 0 such that for all x. 


/ 

J{v 


2 2 
«y - 


+ W{u)dy < 6. 


\ye(-Ax,Ax):\y-fi{x)\>Lyi] 


While for each i - 1, • • • , N, by Lemma lJAl we have 


lim 

JC-^+OO 


£ 


•Mx)aL 1,2 - u2 


+ W(u)dy 


f(x)-L 


-£> 


iy) + W{g{y))dy = 0-0 + (9(b), 


where in the last step we have used the exponential convergence of g at infinity. 
Combining (13.4b and (13.5b . by noting that b can be arbitrarily small, we get 


lim 

x~^+oo 


lx 


J-Ax 


+ W(u)dy - Nctq. 


The conclusion of this lemma follows by combining this identity and ( 13.3b . 


(3.1) 


(3.2) 


< L) and 
□ 


(3.3) 


(3.4) 


(3.5) 
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Proposition 3.9. There exist two constants Lq > 0 and /u > 0 so that the following holds. 
For any constants > Lo and L~ > Lo and v e Hf—L ., L^) satisfying 


£ 


v{t)g'{t)dt = 0, 


we have 


re<'>r 


+ W"{g{t))v{tfdt 


-x: 


vitydt. 


(3.6) 


(3.7) 


Proof. Assume by the contrary, there exist L* —> +00 and Vj 6 H^{- 

-Lj , Lp satisfying 

vj(t)g'(t)dt = 0, 

(3.8) 

and 


II 

<N 

(3.9) 

J 

but 

r^i |2 2 1 

hrW +w"{g(t))vj{tfdt<-. 
J-LT ' «r ' ] 

(3.10) 

From the last two assumptions we deduce that 


1 dvi |2 

(3.11) 


for some constant C depending only on sup|lV"|. Hence the l/2-H61der seminorm of 
Vj is uniformly bounded. Then by ( 13.9b . sup|v'j| is also uniformly bounded. Assume vj 
converges to v'oo in C/oc(R). 

By the exponential decay of g' at infinity, (13.8b can be passed to the limit, which gives 


Voc(t)g'(t)dt - 0. 
(IT9]| and dlTTl i can also be passed to the limit, leading to 


£ 


X 


2 idVr^ |2 


Voo(f) + K^(0 dt<c+l. 
I dt I 


Because g converges to +1 at +oo respectively, there exists an R 2 such that 

W"(g(t)) > CO ^ min{lT"(-l), W"il)} > 0, in {|f| > R 2 ]. 


(3.12) 


(3.13) 


(3.14) 


Thus for any R > R 2 , 
|2 


£\>f 


+ W {g(t))Voo(t) dt < liminf 


im inf I —- 
j ^+00 I dt 


(r) + W''{g(t))vj(tfdt 


iminf f |^(0| + W"(g(t))vj(tfdt 

J_Z.T < dt I 


< lim inf 

j- 

< 0 . 


By (13.13b . we can let R —» + 00 , which leads to 
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Then by the spectrum theory for + W''(g{t)) (see for example 13 Lemma 1.1]) and 

(irni l. Voo = 0. 

By the convergence of vj in C;„e(R), 


i.„, r 

j^+oo 


Vjitfdt - 0 . 


(3.15) 


Substituting this into (13.10b . by noting (13.14b . we get 


/ 


Vjitfdt < C 


1 

j *j—R 2 


Vj{t) dt \ 0. 


-R2)U(R2,L*) 

Combining this with (13.15b we get a contradiction with ( 13.9b . Thus under the assumptions 
(13.8b and (13.9b . (13.10b cannot hold. □ 

With these preliminaries, we come to the proof of Theorem l3.3l 

Proof of Theorem \3.3\ Given a tuple (fi, • • • , W) with fi < ■ ■ ■ < t^, define 




giy - h), y < 

min{g(y - fi), -g(y - 12 )}, = fJ < x < fj, 

min{-g(y - 12 ), giy - h)}, = fj < x < fj, 


In the above, 


+_ tj + ti+i 

h • 


ti-l + f 


2 ‘ 2 
and for simplicity of notation - -Ax and - Ax. 

Note that g(y; tf) is continuous, while its derivative in t has a jump at tf. (In fact, the left 
and right derivatives at each only differ by a sign.) 

Next we define 

2 

\u{x,y) - g{y,tx, ■ ■ ■ , W)| dy. 

Ax 

We divide the proof into three steps. 

Step 1. As X ^ +00, |M(x,y) - giyjiix'^y ^ 0 . 

This follows from Lemmaand Lemma lRSl 
Step 2. By Step 1, 

lim T(x;/i(x), ■ • • ,/iv(x)) = 0. 

x-^+oo 


Moreover, for any e > 0, there exists a d > 0 such that, if |f, - //(x)| > 6 for some i, then 

lim inf T(x; f 1 , ■ • ■ , fiv) ^ (3.16) 

a;—»+ oo 

Direct calculations give 


—(x;fi,--- ,fiv) = 

Oti 


d^F, 

^^(x;fi,---,fA,) = 2 

otf 


2(-iyJ^' [uix,y)-i-ir^g(y-ti)\g'iy-tddy. (3.17) 
+2(-iy+' J [uix,y) - (-1)'"V0' - ti)]8''(y - U)dy 


+0{e 




■'). 


(3.18) 










FINITE MORSE INDEX SOLUTIONS 


9 


By Step 1, Lemma [isl and the exponential decay of g" at infinity, there exists a cr > 0 such 
that, for any (fi, • • • , tf^) satisfying |f/ - fi(x)\ < cr, ^(x; ti) > cr. 

Finally, if |i - i\ > 1, f,) = 0 and 


I d-F 

I dtidti+ 


(x-, f,)| ^ 


Ce 


-cpi+i-r,) 


Combining this with (13.18b we see [ f/)] is positively definite for those (fi, • • • , fjv) 

satisfying the condition that |f, - fiix)\ is small enough for all i. 

Combining the above analysis, we see for all x large, there exists a unique tuple (f,(x)) 
such that 


F(x-,ti{x)) - min F(x,ti). 

Moreover, 

lim |f,(x) - fiix)\ -0, VI < / < N. 

x^+oo 


By the implicit function theorem, for each i, ti{x) is twice differentiable in x. 
Lemma [LTI and ( 13.19b implies that for any 1 < i < N - 1, 


(3.19) 


Let 

Clearly 


f(+i(x) — f,(x) —» + 00 , as X —> + 00 . 
v(x,y) M(x,y) - g(y, ti{x)). 


lim = lim F(x; f,(x)) = 0. 

X^+CO X^+OO 

In the following we denote g* g(y; ti(x)) and 

(-1)'"V(3' - ti(x)), fory e (tj, 0. 

By definition, 

dF 

0 = — (x; f,(x)) = 21 (m - gi) g'. 

Oti Jt7{x) 


Differentiating (13.22b with respect to x leads to 


nttir) ntl(x) 

I Ig'if'- (u - gi) g” t'.{x)+ I U^g'. 
*Jr (x) *Jt. (jf) 


'r-(x) 

[m(x, tf(x)) - gi(tf(x))] g'i(tt(x)) 


';(x) 

t'(x) + t'.^^(x) 


+ [m(x, f; (x)) - giitj (x))] g'iiti (x)) 


t'i(x) + f'_i(x) 


Note that by the result in Step 1 and the exponential decay of g" at infinity. 


lim 


r't(x) 


2 


1 lO 

1 (u-gdg" < lim 

1 (m - gi) 



k1 

Jt7ix) 

l-Virw 


L-'irw 


1/2 


= 0 , 


while by (13.20b . there exists a constant c > 0 such that 


(3.20) 


(3.21) 


(3.22) 


(3.23) 
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By Lemma [isl and (13.20b . u{x, tf(x)) and gi{tf(x)) all converge to 0 as .r —» +oo. Thus by 
(13.23b we obtain 


t'(x) - - 


£ 


/ 

Vrw 


f'i W |„q; 
Jr(x) 


■0(1) 


+“<‘>Zr 7 




Uxgj 


j*i 





+ 0 ( 1 ) 


+ 0(e “) —> 0, as A —> + 00 . 

(3.24) 


Differentiating this once again we see f"(x) also converges to 0 as x —> +oo. 
Similar to the calculation in ||3l page 927], we have 


£ 

£ 

£ 


(ul-ul 


+ W(u) 


r(x) 

<(x)(i,^,-\g'f 


,/|2 


k'l' 

- ^ - W(gd 


t, (x) 
■Ifix) 


,,2^ 


+ W(u) - W(gi) ■ 


W(u) - W{gi) ---(m - gd 


r-(x) 

I 

T I \(u-gi)iixx-ul\ 

^ Jr(x) 


2 

+ S, 


where S is the boundary terms coming from integrating by parts. In the above we have 
used 


ptl(x) ptfix) 

I = I {>^y-8'i){uy+gi) 

Jrix) Jt7(x) 


tfix) 

;(x) 
nr!(x) 

Jr(x) 


(U - gi) (^Uyy + g”) 

+ [u{x, tf (x)) - gi(tf (x))] \uy{x, tf (x)) + g'litf (x))] 
- [u(x, tj (x)) - giitj (x))] \lly{x, tj (x)) + g'litj (x))] 


rttix) 

^ ~ ' 

Jr(x) 


{u-gi)[W\ii) + W‘ 


rttix) 

'(^l)] + 

Jf, (x) 


Uxx (m - gi) 


■ [m(x, ft(x)) - gi(tl (x))] [uyix, ft(x)) + g-(tl (x))] 

• [m(x, tJ (x)) - gi(tj (x))] \uy{x, tJ (x)) + g\{tj (x))]. 


Summing in i and using the Hamiltonian identity, we obtain 


X /i.V 
2^ 


Uxx {U - g*) -ul = 


^£ 


■lt(x) 


(X) 


[ill - gi) Uxx - M?] 


-2 ^ [m(x, tl(x)) - giiti (x))] g'iitf (x)) + o(||v|ft 


r+“ rt w 

+ 2 ^ \gf +1 1 ^: 

: Jt*(x) J-oo 


tfix) 

On the other hand, similar to O Eq. (4.35)], we have 

-tlix) 

Uxx (U ■ 


+ e)(e^“). 


(3.25) 


r'iix) w+(x) ^ 

Uxx(u-gi) = [W'iu) - Uyyjiu - gi) 

Jt7{x) Jt;{x) 
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nl 

[W'iii)-W'(gd-W"igd{u-gd]{u-8d (3.26) 

Jt7(x) 

+ I [g'i' - ^yy) (« - gi) + W''(gi) (u - gif 

Jl. (x) 


= o(IMP)- 


I (m - gi 

Jr(x) 


gif\ +W"igi)(u-gif 


- [u{x, f (x)) - giif (x))] [uyix, f (x)) - g'.(f (x))] 
+ [m(x, tj (x)) - gi(tr (x))] \uy(x, tj (x)) - g'litj (x))]. 


Summing in i we get 


X AX 

Ux 

Ax 


-ii,-g*) = o(||v|rt + 




■r;(x) 


w 


\{u-gi\f + W"{gi){u-gif 


2 ^ [«(x, fix)) - giittix))] g\ifix)) + (3.27) 


By (13.22b and (13.20b . Proposition l3.9l applies to m - gi in (f^. (x), f,^(x)), which gives 


I (m - gi 

Jr(x) 


gi)yf + W"(gi)(li-gif 


r‘t W 

Jr(x) 


(u-gif. 


(3.28) 


Hence 

■-»Ax 


X AX 

Uxx (m - g*) > (p + o(l)) ||v|p + 2 V [m(x, ft (;c)) - giif (x))] g'iif (x)) + 0(e^“). 

Ax ; 


Combining this with (13.25b . we deduce that 


(3.29) 


P'i-V 

I mJ. > (// + o(l)) ||v|p + 4 ^ [m(x, ft(x)) - giif (x))] g'(ft(x)) 

v/—yljc 


^+oo (x) 

2^ f \g'f+ f \gif 

; L4r+(A:) J-OO 


(9(c-“). 


(3.30) 


Differentiating ||v|p twice in x leads to 

... = ?! 

-U 


■tl(x) 


2 dx 


(X) 

■It^x) 


iu - gi) [u^ + g'f'(x)] 


(X) 


iu - gi) u^, (by ( |3.22b ) 


and 


= V r 


■tUx) 


2 dx^ 


(X) 


> 2 


4^4 


u], + Uxg'd\ix) + M,„ iu - gi) 


t*ix) 


3y (4?^ 

2 4^ j-'tWL/|2 


(Jt) 


(by (IT^ and (ITM l 


















12 


K. WANG 


r ^+oo 

2Y^[u{x,ttix))-gi{tt{x))]g'i{tf{x)) + 2Y^ I \gf+ I 
1 r‘t W 




\8i\' 


_^ I nil ^ 

I “x-2 V [M(x,ft(x))-^,(f+(x))]^'(f+(x)) (by Cauchy-Schwarz) 
,■ ^ Jr(x) ; 

^+oo pr(x) 

Z I i^:i'+ 1 ^: 

i Jf+(x) J-OO 


> + (by<l33ol)) 

By noting (13.211 1. from this inequality we deduce that 


< Ce for all x large. 


(3.31) 


Step 3. Note that 


giiti ix))giiti (x)) 




/|2 


‘)W 
+ 00 


. '' 

+ 


because g, is close to 1 in (t^(x),+ix>) (see (13.20b ) and hence g'.' = ^^'(g;) < 0 in this 
interval. We also have gi(tf (x))g'(t^ (x)) > 0, because gi(tf (x)) > 0 and g'(f+ (x)) > 0. 

Then for all x large, by noting that g,(ft(x)) is close to 1 and u{x, (x)) - gi{tf (x)) is 
close to 0, we obtain 

|[M(jr,r*(j:))-g;(r*(jc))]g'(r;^(jc))| < lgi(f/(jc))g'(r,^(jr)) 


Substituting this into (13.25b . we get 


X Ax nAx 

< I Uxxiu- 
Ax *J—Ax 


■Ax 

■Ax 


[ pAx 

f “L 

*J—Ax 


gA + o(IMn + 0(e-^^) 


+ o(|M|2) + 0(e-“) 


(3.32) 


< Ce~“. (by dull and drlTTi ) 

Then by (13.24b and the Cauchy-Schwarz inequality, we get 


|f;(x)| < Ce^“, Vi. 

Thus for all 1 < / < N, lim^i^+oo f,(x) exists and it is finite. By noting ( 13.19b . for each i, the 
limit limi^+oo fiix) also exists. In particular, this limit is finite. Then for all 1 < / < N - 1, 


lim ifi+i(x) - fiix)) 

x~->+oo 

also exists and it is finite. However, this is a contradiction with Lemma lTTl if N >2. Hence 
we must have N - \. 

Finally, the exponential convergence of m(x, •) follows from ( 13.32b . and the exponential 
convergence of fix) follows from this exponential convergence and the (uniform) positive 
lower bound on g' and Uyix, •) in the part where |g| < 1/2 and |m| <1/2. □ 
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